ABSTRACT: Simplest examples of AdS/CFT duality correspond to free CFTs in d dimensions with fields in vector or adjoint representation of an internal symmetry group dual in the large N limit to a theory of massless or massless plus massive higher spins in AdS d+1 . One may also study generalizations when conformal fields belong to higher dimensional representations, i.e. carry more than two internal symmetry indices. Here we consider the case of the 3-fundamental ("3-plet") representation. One motivation is a conjectured connection to multiple M5-brane theory: heuristic arguments suggest that it may be related to an (interacting) CFT of 6d (2,0) tensor multiplets in 3-plet representation of large N symmetry group that has an AdS 7 dual. We compute the singlet partition function Z on S 1 × S d−1 for a free field in 3-plet representation of U(N) and analyse its novel large N behaviour. The large N limit of the low temperature expansion of Z which is convergent in the vector and adjoint cases here is only asymptotic, reflecting the much faster growth of the number of singlet operators with dimension, indicating a phase transition at very low temperature. Indeed, while the critical temperatures in the vector (T c ∼ N γ , γ > 0) and adjoint (T c ∼ 1) cases are finite, we find that in the 3-plet case T c ∼ (log N) −1 , i.e. it approaches zero at large N. We discuss some details of large N solution for the eigenvalue distribution. Similar conclusions apply to higher p-plet representations of U(N) or O(N) and also to the free p-tensor theories invariant under [U (N 
Assuming that these fields transform in some representation of a global U(N) or O(N) symmetry group one expects that in the large N limit this theory should be dual to a theory in AdS d+1 . The latter should contain a tower of massless higher spins dual to bilinear conserved currents as well as an infinite collection of massive higher spins dual to primary operators containing irreducible ("single-trace") contractions of more than two fields.
The simplest case is that of a fundamental (vectorial) representation [1] [2] [3] where the spectrum is particularly simple, containing conserved currents in CFT d or massless higher spins in AdS d+1 . 1 The dual AdS theory is then a massless higher spin theory with N as the coefficient in front of the classical action.
Another well-known example is when the free fields (e.g. spin-1 vectors in 4d) belong to the adjoint representation [5] [6] [7] [8] [9] . Here the dual AdS theory should be string-like: in addition to massless higher spin fields it should contain also families of massive fields which together may have an interpretation of a spectrum of a "tensionless" string theory in AdS d+1 . 2 The coupling constant on the AdS side is then 1/N, i.e. the coefficient in front of the AdS field theory action is N 2 .
Here we would like to study the next in complexity case when the CFT field belongs to a 3-fundamental or "3-plet" representation, i.e. to a general, symmetric or antisymmetric 3-index tensor representation of a global symmetry group. Already in the simplest case of the scalar field the spectrum of "single-trace" operators with more than two fields (dual to massive fields in AdS) here is much more intricate than in the adjoint case, suggestive of a "tensionless membrane" interpretation. The coefficient in front of the dual AdS field theory action should now be N 3 .
The spectrum of CFT operators on R d (or states in R × S d−1 ) is naturally encoded in the small temperature T = β −1 or small x = e −β expansion of the partition function Z(x) on S 1 β × S d−1 . The singlet-state large N partition function was previously computed in the U(N) [10] and the O(N) [11, 12] vector representation case and was matched to the corresponding massless higher spin partition function in AdS. The partition function in the adjoint representation case was computed in [13] [14] [15] (see also [16] [17] [18] ) and its matching to the AdS partition function was discussed in [7] [8] [9] . Once the temperature becomes large enough (of order N γ with γ > 0 in the vector case and γ = 0 in the adjoint case) these partition functions exhibit phase transitions [10, 13, 15] that may have some dual AdS interpretation (cf. [19] ).
Here we will compute the singlet partition function Z(x) in the case of a free CFT in a 3-plet (i.e. 3-index tensor) representation of internal symmetry group. 3 We shall analyse 1 In the ( d 2 − 1)-form (e.g. 4d vector field) case there are also few additional massive fields [4, 3] . 2 In the maximally supersymmetric case this interpretation is of course suggested by the canonical example of duality between the N = 4 SYM theory and the superstring theory in AdS 5 ×S 5 where taking the 't Hooft coupling to zero corresponds to a "tensionless" limit in the quantum string theory. 3 We shall consider the general (reducible) rank 3 tensor U(N) representation as well as totally symmetric its small temperature expansion matching the direct operator count and also present the large N solution of the corresponding matrix model implying the presence of a phase transition at small x c = e −β c of order of N −a with a > 0, i.e. at T c = a log N .
Heuristic motivation: 3-plet (2,0) tensor multiplet as M5-brane theory
Before turning to the details of analysis of the large N limit of the 3-plet partition function let us first make some speculative remarks providing a motivation behind this work which is related to attempts to understand a 6d CFT describing N 1 coinciding M5-branes [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . 4 The idea that N 3 scaling of observables in the multiple M5-brane case may be explained in terms of M2-branes with three holes attached to three different M5-branes thus leading to 3-index world volume fields was originally suggested in [23] . Then a natural proposal that a 6d superconformal theory describing multiple M5-branes should involve (2, 0) tensor multiplets in 3-tensor representation of SU(N) or SO(N) was made in [30, 33] . 5 To recall, the structure of a world-volume theory of a single M5-brane follows from consideration of symmetries and collective coordinates corresponding to the classical M5-brane solution in 11d supergravity [45] [46] [47] [48] . It is represented by a free (2, 0) tensor multiplet containing (anti)selfdual 3-form H µνλ = 3∂ [µ B νλ] , 5 scalars φ r and 2 Weyl fermions ψ a . This is an example of a free 6d CFT with conformal anomalies and correlators that can be directly computed [30, 31] .
In the case of multiple D-branes the low energy theory is the SYM theory, i.e. one gets N 2 vector multiplets at weak coupling and that matches the leading N 2 scaling predicted by the dual supergravity for BPS observables. By formal analogy, one needs N 3 free tensor multiplets to match the leading large N scaling of protected 11d supergravity observables [22, 23, 28, 30, 31] . This suggests that the (2, 0) multiplet should carry a 3-index representation of an internal symmetry group that has dimension ∝ N 3 at large N. 6 Thus, if the conjectured 6d theory were to have a weak coupling limit its field content would be (B ijk µν , φ ijk r , ψ ijk a ) with i, j, k = 1, 2, ..., N. The reason why the M5-brane world-volume 2-form field may carry 3 internal indices can be heuristically argued for as follows [23, 30, 22] . Replacing the standard picture of multiple D-branes connected by open strings by M5-branes connected by M2-branes one may attempt to explain the N 3 scaling of multiple M5-brane entropy [22] by assuming that triple M5-brane connections by "pants-like" membrane surfaces are providing the dominant contribution (pair-wise "cylinder" connections should give subleading N 2 contributions). 7 Alternatively, one may think of an interacting (2,0) tensor multiplet theory as a lowenergy limit of a tensionless 6d string theory with closed strings carrying internal 3-plet indices which originate from virtual membranes connecting three parallel M5-branes: when the M5-branes get close, the membranes with 3 holes may effectively reduce to strings that then have 3 internal labels and thus B ijk µν massless modes. The correlation between the 3 Lorentz indices and the 3 internal indices of the corresponding field strength H ijk µνλ = dB ijk µν is thus a direct analog of the fact that the YM field strength which is a rank 2 Lorentz tensor carries also 2 internal indices (takes values in adjoint representation).
Ignoring the self-duality constraint on H µνλ one may start with a free theory
where ijk µ is a gauge parameter. A speculative idea of how to generalize this to an interacting theory is to assume that the role of the would-be structure constants here should be played by the generalized field strength H ijk µνλ itself, i.e. that a non-linear generalization of the transformation rule for B in (1.1) should have the following structure
where dots stand for terms with other possible contractions of indices. The full non-linear field strength H should then be non-polynomial in B. Such couplings required to contract 3-plet internal indices may have a generalization to self-dual case and may correspond to a "soft" gauge algebra structure (thus possibly avoiding no-go arguments against the existence of an interacting chiral antisymmetric tensor theory in [49, 50] ). One consequence of this 3-index assumption is that the leading interaction between the B ijk µν -fields should be quartic [33] rather than cubic as in the adjoint-representation YM theory
The relevance of triple M5-brane connections by membranes with 3 boundaries was suggested in [23] in order to explain the √ N 1 N 2 N 3 scaling of the entropy of the extremal 4-d black hole described by the 2555 intersecting M-brane configurations. Similar virtual triple connections are not dominant in the case of open strings ending on D-branes as 3-string interactions are subleading in string coupling. 3-hole "pants-like" configurations may be viewed as basic building blocks of 2d membrane surfaces: any membrane surface ending on several M5-branes may be cut into "pants" and thus surfaces with more than 3 holes should give subleading contributions in membrane interaction strength. An indication that 3-plet M2-brane interactions may be relevant is that the C 3 form of 11d supergravity naturally couples to M2-brane world volume while the 11d supergravity action contains the cubic interaction term C 3 ∧ dC 3 ∧ dC 3 . In the limit when M5-branes coincide and thus the M2-brane configuration connecting them becomes small with string-like boundary, the membrane coupling C 3 should lead to B 2 coupling at the boundary of a membrane and this 2-form should then carry (ijk) indices. This is analogous to how the B 2 -field coupling to world volume of a string translates into vector A ij couplings at the two boundary points of an open string connecting two D-branes.
Adding scalar fields of tensor multiplets one may expect to get similar non-linear interactions, e.g., through covariant derivative
ρκ φ i j k + .... Supersymmetry may require also quartic and higher self-interactions of the 3-plet scalars and fermions.
Even assuming such a hypothetical interacting (2, 0) tensor multiplet theory may exist at the classical level, one faces several difficult questions. The canonical dimension of the free B-field in 6d is 2 and thus H has dimension 3. Then the classical interactions in (1.2),(1.3) require a dimensional coupling parameter and thus break the classical conformal invariance of the free theory (1.1). One is then to hope that at the quantum level there may exist a non-trivial conformal fixed point at which the dimension of B becomes 0. Another important question is about an existence of a well-defined large N limit in such theory. 8 The multiple M5-brane theory should certainly admit a large N expansion, as suggested, e.g., by the presence of 11d M-theory corrections to its anomalies [28, 32, 34, 35] (see also [51, 52] ) and its free energy [26] which are subleading in N compared to the leading N 3 term.
As a starting point, one may consider just a free 3-plet tensor multiplet CFT which correctly describes the N 3 term in the anomalies and protected 3-point functions as predicted by the 11d supergravity. Regardless of its precise connection to multiple M5-brane theory, it should have a consistent AdS 7 dual on its own right. Our aim below will be to study the thermal partition function in such free tensor multiplet theory with fields in a 3-index representation of an internal symmetry group.
Structure of the paper
Below we shall mostly concentrate on the S 1 × S d−1 partition function a free scalar field in a 3-fundamental representation of U(N). The cases of symmetric or antisymmetric 3-plet representation, O(N) symmetry and 3-tensors with distinguishable indices will be similar. The generalization to free fermions or ( d 2 − 1)-form fields and thus, in particular, to a (2,0) tensor multiplet will be straightforward.
As we shall review in section 2, this partition function encodes the spectrum of "singletrace" primary operators in the free CFT. The singlet constraint may be implemented as in the familiar vector or adjoint representation cases by coupling the 3-plet field to a flat U(N) connection and integrating over its non-trivial holonomy on S 1 , i.e. over a constant matrix U ∈ U(N). For a free field Φ in a general real representation R of U(N) the resulting expression for the partition function Z(x), x = e −β will be given by the matrix U integral in (2.7) with the "action" in the exponential depending on the character χ R (U) and the one-particle partition function z Φ (x).
In section 3 we shall compute the low temperature (small x) expansion of Z in the large N limit. We shall first expand the integral (2.7) in powers of x at finite N and then take N → ∞. While in the familiar cases of the vector and adjoint representations the low temperature, N = ∞ expansions are convergent (and thus the x → 0 and N → ∞ limits commute in the low temperature phase T ≤ T c ), in the 3-plet case this expansion will be only asymptotic. The reason for this will be a rapid growth of the number of singlet operators with their dimension which will lead to the vanishing of the radius of convergence x c or the critical temperature T c in the N = ∞ limit. We shall find a closed expression (3.32) for the N = ∞ limit of the small x expansion of Z that encodes the number of singlet operators built out of elementary 3-plet fields to any order in dimension.
The analysis of the phase structure of Z(x) at large but finite N will be carried out in 4. We shall rewrite the integral representation for Z in terms of the eigenvalue density and study the large N stationary-point solution for it. We shall find that in the 3-plet case there is a phase transition at the critical temperature T c ∼ 1 log N which approaches zero at N → ∞. At finite N there are always two phases, 0 < T ≤ T c and T > T c , while at N = ∞ the first phase becomes essentially the T = 0 one, so there is only the second phase for any T > 0. 9 As in the vector and adjoint cases, we will find that in the T > T c phase the large N stationary point solution for the eigenvalue density leads to log Z = O(N 2 ).
Some concluding remarks about open issues will be made in section 5. Few technical details and extensions will be presented in Appendices. In particular, the case of 2-plet representation will be discussed in Appendix A. The O(N) case will be considered in Appendix D. In Appendix C.2 we shall compute the value of the eigenvalue density action on the stationary-point solution in the 3-plet case. In Appendix E we shall give a general relation for the "single-trace" partition function counting only irreducible contractions in terms of the full Z.
In Appendix C.4 we shall analyze the singlet partition function of a p-tensor with all indices being different, i.e. transforming under a separate copy of U(N) as in the tensor models in [40, 36] . It turns out that the case of such [U(N)] p theory is very similar to the U(N) one discussed above, with p = 3 being again the critical value when the small temperature expansion becomes only asymptotic in the large N limit, i.e. with the critical temperature being again T c (N → ∞) → 0.
Partition function with singlet constraint
Given a CFT, one may be interested (in particular, in the context of AdS/CFT duality) in its thermal partition function Z with a singlet constraint (see, e.g., [16, 13, 15, 17, 53, 10] ). We shall consider a free field Φ in S 1 β × S d−1 transforming in a representation of the global symmetry group. The singlet projection may be implemented by coupling Φ to a flat connection A µ = U −1 ∂ µ U and integrating over it. Only the constant part of the A 0 component cannot be gauged away because of the non-trivial holonomy along the thermal circle. The resulting partition function Z is then given by the 1-loop determinant with A 0 -dependent covariant derivatives integrated over the constant eigenvalues of A 0 [15, 10] . 10 This gives an equivalent result to the coherent-state approach of [16, 13] .
In general, the partition function on S 1 β × S d−1 may be written as
where we assume that the spatial sphere S d−1 has a unit radius and β = 1/T. In a CFT, the discrete energy levels E of states on S d−1 can be identified with dimensions ∆ of the corresponding operators in R d . Before singlet projection, physical states are obtained by acting on the vacuum with suitable composite operators built out of the elementary field Φ. One may define the single-particle partition function
that counts all such states treating Φ as a singlet, i.e. enumerates the components of Φ and its derivative descendants modulo free equations of motion (thus having also the interpretation of the character of the corresponding representation of the conformal group). For example, in the case of a free CFT represented by a scalar or Weyl (or Majorana) fermion in dimension d and a vector in 4d or a self-dual rank 2 tensor in 6d one finds the well known expressions (see, e.g., [55, 56] )
For a multiplet of free conformal fields one is to combine properly the contributions to Z coming from z Φ for individual fields (cf. (2.7),(2.8)). 11 Let us focus on the simplest case of a single bosonic field Φ transforming in a real representation R of U(N). 12 The full partition function Z may be expressed as a sum over the occupation numbers of all modes, with a Boltzmann factor e −βE for the total energy E 10 See also section 3 in [54] for a discussion of the case when Φ is a 4d Maxwell field and R is a vector representation of U(N) or O(N) group. 11 For example, if one formally sums up the single-particle partition functions in (2.3),(2.4) taking the fermion contribution with the plus sign one finds for the 4d N =4 Maxwell multiplet and 6d (2,0) tensor multiplet [34] 
Note that these combinations actually appear in the full partition function (2.7) only in one (m = 1) of the terms as the fermionic contribution enters with the sign (−1) m+1 depending on the term in the infinite sum in the exponent. 12 If Φ is complex, R will be the representation acting on the real components. For example, if Φ i transforms in the fundamental representation of U(N),
and a numerical factor counting the number of singlets in the corresponding product of representations. This gives
The number of singlets is obtained by integrating over the global symmetry group with the invariant Haar measure dU (normalized as dU = 1)
Using the explicit form of the character χ of the symmetric power sym n (R) (see, e.g., eq. (A.8) in [15] ), we can then write the singlet partition function as [16, 13] 
Here we assumed that Φ is a boson; in the mixed boson (B) + fermion (F) case we need to do the replacement
Below we shall consider mainly the following representations R (with characters χ R )
In general, for the p-plet field transforming in the product of p fundamental representations when R = N ⊗p ⊕ N ⊗p one finds
One may also be interested in the antisymmetric or symmetric tensor representations. For example, in the case of the 3-plet representation one finds
where R 0 is a fundamental or anti-fundamental representation, and sign (-)+ applies to (anti) symmetric case.
This is a reducible 2N dimensional representation that may be identified with N ⊕ N. Its character is
3 N = ∞ limit of low temperature expansion of U(N) partition function In the N = ∞ limit the counting of states is expected to simplify because singlets can be constructed without considering special features of the finite N case [13, 14] . In general, Z may be expressed in terms of the "single-trace" partition function Z s.t. (x) -a generating function of fully connected (indecomposable) contractions of fields
The expression for Z s.t. (x) is well known in the vector and adjoint representation cases and can be generalized to higher representations. As we shall discuss in Appendix E, one can formally invert the relation (3.1) and determine
Below, in section 3.1, we shall review the known expressions for the N = ∞ partition functions in the vector and adjoint cases and then in section 3.2 turn to the 3-plet case. We shall first consider the expansion of the 3-plet Z in (2.7) in small x for finite N and then take the N → ∞ limit of the coefficients at each order in x. In contrast to the vector and adjoint cases, here the small x and large N limits will not commute: the large N limit of the x n coefficients in Z will grow too fast with n so that the small x expansion will not converge, i.e. the radius of convergence goes to zero in the N → ∞ limit.
The reason for that will be understood in section 4 where will find that there is a phase transition at the critical temperature T c ∼ (log N) −1 which goes to zero when N → ∞. Thus the low temperature phase effectively disappears (shrinks to T = 0) in the strict N = ∞ limit.
In section 3.3 we shall present an exact expression that summarizes the asymptotic low temperature expansion of the N → ∞ 3-plet partition function. This closed form encodes the number of singlet operators built out of elementary 3-plet fields at any order in dimension.
Vector and adjoint cases
In the vector representation case the singlets in sym n (N ⊕ N) in (2.7) are products of invariant bilinears in operators built out of Φ and Φ. For example, the bilinear singlets built out of a scalar field have the form ∑ ss c ss ∑ i ∂ s Φ i ∂ s Φ i . 13 The partition function of such bilinears is the square of the single-particle partition function (2.2), i.e. the "singletrace" partition function here is
Including products of the bilinears, i.e. of all possible singlets, we get the N = ∞ partition function for the vector representation in the form (3.1) [10] log
In the adjoint case the singlets are built as products of single-trace operators. The partition function for single-trace operators may be found by the Polya enumeration theorem [13, 14] Z adjoint s.t.
Here ϕ(m) is the Euler's totient function counting all positive integers up to a given integer m that are relatively prime to m. The full partition function is obtained by considering multi-trace singlets treating single trace states as identical particles. As a result, the N = ∞ partition function in the adjoint case is given by
As was already mentioned above (see (2.8)), in the general boson plus fermion field case one has to replace
3) and (3.5).
From the AdS/CFT perspective, the bilinears in the vector case are in direct correspondence with the massless higher spin fields in AdS. Hence the total partition function (3.3) should match the AdS partition function [10, 12, 4] . Similarly, in the adjoint case, the single trace operators correspond to the spectrum massless and massive higher spin fields in AdS. On the group-theoretical basis, one expects again to match the full multi-particle partition function (3.5) with its AdS counterpart [7] [8] [9] .
3-plet case: low temperature expansion of Z and counting of operators
For fields transforming in a generic representation direct counting of states may be very cumbersome. One may work out the direct expansion of the partition function (2.7) in powers of x = e −β that effectively encodes the counting of singlet operators. Taking into account the specific form of the characters (cf. (2.9)) one then needs to compute the U(N) group integrals
where a = (a ) and b = (b ) are sets of integers. Such integrals can be found straightforwardly for finite N, but the computational complexity grows rapidly with increasing N.
There are efficient techniques to improve the computation, see for instance [57, 58] . Here we are interested in the large N limit. The integrals (3.6) are zero if
and do not depend on N as soon as κ(a) ≤ N, see [59] . At each order in small x expansion we find a finite set of integrals I(a, b) and the above condition is certainly true if N is sufficiently large, i.e. it is not actually necessary to consider the case of N = ∞ directly. One then finds the following simple result
Let us consider, for example, the case when the field Φ is a 4d scalar with the one-particle partition function z Φ (x) = z S,4 (x) given in (2.3) . If the scalar is in the vector representation of U(N), expanding Z in (2.7) in powers of x 1 one finds
where τ (U) ≡ (tr U ) (tr U ). Using (3.8) we find at N → ∞ Z vector S,4
The coefficient of a given power x k stabilizes as soon as N > N k with N k growing with k. Thus the expansion derived up to x k is exact as soon as N > max{N k } which is a finite number. We observe that (3.10) agrees with the small x expansion of (3.3) with z Φ = z S,4 in (2.3). Note that (3.3) was derived directly at N = ∞. The reason for the agreement is that here the N → ∞ and x → 0 limits commute. This is reflected in convergence of the series in (3.10) which is also related to the fact that the critical temperature at which the low temperature phase is no longer valid here goes to infinity at large N (see (4.3)).
Similarly, in the adjoint case we recover the expansion of (3.5), i.e.
Z adjoint S,4
The series (3.11) have a finite radius of convergence which reflects the fact that in the adjoint case the critical temperature above which the low temperature phase no longer exists is of order 1 (see (4.4)). Let us also recall how the direct counting of operators goes in the vector and adjoint U(N) cases. For the vector representation, the "single-trace" (fully connected) partition function in (3.1),(3.3) is [z S,4 (x)] 2 = x 2 + 8 x 3 + . . . . This corresponds to one operator at dimension 2 ϕ i ϕ i and the 4 + 4 operators ϕ i ∂ µ ϕ i and ∂ µ ϕ i ϕ i at dimension 4. In the adjoint case, the single-trace partition function (3.4) for a 4d scalar is Z adjoint s.t.
The coefficients in this expansion correspond to one operator tr(ϕ) of dimension 1 and 1 + 4 = 5 operators tr(ϕ 2 ) and ∂ µ tr(ϕ) of dimension 2.
In the novel 3-plet representation case we find from (2.7),(3.9)(3.8) that the 4d scalar partition function has the following large N limit of its small x expansion (see also Appendix B for some finite N data)
It is easy to see how the first three terms here may be reproduced by counting the singlet operators. At dimension 2, we have the singlets built out of a scalar Φ = (ϕ ijk ) of the structure (ϕ ϕ) , (3.13) i.e. fully connected contractions ϕ ijk ϕ i j k where i j k is a permutation of ijk. This gives 3! = 6 different cases. At dimension 3, we have the singlets
with the same contractions as above. This gives total of 2 × 4 × 6 = 48 of dimension 3 operators. At dimension 4 we get the bilinear structures Here each ϕϕ appears in the form ϕ ijk ϕ ijl = X kl where the free indices may be in any position and the two pairs of contractions may be in each of the two possibilities. This gives 3 2 × 2 = 18 ways of constructing X. Contracting the two X's (counting once the symmetric cases) gives 1 2 × 18 × 19 = 171 operators. The total number of dimension 4 singlet operators is then 204 + 21 + 171 = 396, in agreement with the coefficient of the x 4 term in (3.12). 14 We may also find the corresponding "single-trace" generating function of fully connected contractions (that starts with x 2 term) by writing (3.12) The partition function (3.12) corresponds to a 4d scalar in the general 3-index tensor representation of U(N) without any symmetry. In the case of totally symmetric (+) or antisymmetric (−) representations we find, using the expressions for the characters in (2.11) 14 Let us note that if we formally replace z Φ (x) by x in (2.7), that will correspond to considering a constant complex 4d scalar field that has dimension 1 (cf. z S,4 in (2.3)). In this case Z will count just the U(N) contractions leading to singlets. This counting has been worked out in [60] . In the 3-plet representation case one obtains the series Z = 1 + 6 x 2 + 192 x 4 + 10170 x 6 + 834612 x 8 + 90939630 x 10 + 12360636540 x 12 + . . . , which agrees with eq. (86) of [60] . The 192 x 4 term comes from the sum of the 21 structures in (3.16) 15 Similarly, in the case of a scalar in the 3-plet representations in 6 dimensions we find the following analogs of (3.12), (3.19) 
order).
Comparing the coefficients in the vector (3.10), adjoint (3.11) and 3-plet cases (3.12) we conclude that the number of singlet operators in the 3-plet case grows much faster with the power of x, i.e. with the operator dimension. This implies non-convergence of the small x expansion. Indeed, as we shall find in section 4 an analog of the "Hagedorn" transition found in the adjoint case [5, 15] here happens at much lower temperature T c ∼ (log N) −1 which goes to zero at N → ∞. This will also become clear from the closed expression for the N = ∞ limit of the small x partition function presented in the subsection 3.3.
One may also find similar low temperature expansions of Z in the case when the global symmetry group is O(N) instead of U(N); this is discussed in Appendix D.
Exact expression for low temperature expansion of 3-plet partition function in the
Given a particular choice of the character χ R in (2.7) it is possible to find a closed form for the small x expansion of the partition function extending the expansions like (3.12) to all 15 The terms x 2 + 8x 3 are the same as as in the vector case (3.10) as the correspond to the operators (3.13) and (3.14) without additional multiplicity as the 3-indices are now contracted in a unique way (ϕ ijk ϕ ijk , etc.). The coefficient 36 of the x 4 term corresponds to 34 dimension 4 operators in (3.15) (now with unique contraction), one operator as in (3.16) of the form (ϕ ijk ϕ ijk ) 2 , and one additional operator ϕ ijk ϕ ijl ϕ pql ϕ pqk as in (3.17) . For completeness, let us list also the "single-trace" partition functions corresponding to (3.19) 
If we consider the p-plet (or N ⊗p representation of U(N), then the corresponding character is given by (2.10), i.e. χ R (U) = tr(U) p + tr(U −1 ) p , and the only non-vanishing contribution to (3.24) comes from the term with an equal number of tr(U) and tr(U −1 ) factors. Hence, using (3.8), we find
where we have introduced the formal power series
As a check, for p = 1 and p = 2 we find from (3.26): 27) and thus (3.25) gives 29) which are indeed the expressions for the partition functions of the vector (3.3) and 2-plet (A.3) representations (cf. also (E.8)). Let us mention for completeness that in the adjoint case one finds, similarly to (3.25),
which is indeed the partition function in (3.5). 16 We exploit the fact that the integral over U vanishes when evaluated on products of characters of U m
with different values of m.
Surprisingly, the series F p in (3.26) no longer converges (has zero radius of convergence) 17 starting with p = 3. Thus for p ≥ 3 (3.26) should be regarded only as a formal generating function. One may "resum" (3.26) by first replacing the numerator (3 k)! in b k in (3.26) by ∞ 0 dt e −t t 3 k , then summing over k and finally integrating over t. In this way we obtain
where I a (y) is the modified Bessel function of the first kind. The function F 3 (y) has a branch cut on the negative real axis, but is real, positive and smooth for y ≥ 0. The power series (3.26) defining F 3 (y) is precisely an asymptotic expansion of F 3 (y) for y → 0 + , i.e. for any integer K and y → 0 + we have in (3.12).
As follows from (3.25), the same general expression (3.32) applies also to other fields with the corresponding one-particle partition functions z Φ (with statistics accounted for by (2.8)). It thus encodes the number of singlet operators built out of the field Φ in 3-plet representation of any integer dimension. Given Z 3-plet (x) and using the inversion formula in Appendix E one can find also the corresponding single-trace partition function in (3.1) that counts the number of singlet operators represented by irreducible contractions.
Similar computation can be carried out in the case of a p-tensor field with p distinguished indices transforming under separate U(N) groups: the singlet partition function Z is then defined by gauging the full [U(N)] p group (see [36] ). In this case there are less singlet operators but again the large N limit of the small x expansion of Z becomes only asymptotic starting with p = 3 case (see Appendix F). 17 This is implied by the growth of
, with b k defined in (3.26). 18 Alternatively, the Borel transform of F 3 (y) in (3.26) is given by 4 Large N partition function and phase transitions
Overview
In the previous section we directly computed the N = ∞ limit of the small x (small temperature) expansion of the partition function and observed the rapid growth of the number of states with the increase of dimension of the U(N) representation. This suggests a non-trivial dependence of Z on the temperature with possible phase transitions.
Let us recall what happens in the well-known case of the adjoint representation. If the typical number of states relevant for thermodynamics at certain β = 1/T is much smaller than N 2 , then (3.5) is a good approximation to the exact partition function. This cannot be true at any temperature. While the expression (3. 20 A correlation between increasing N and the temperature is clear also from the method we used to derive the N → ∞ limit of the small x expansions of Z in section 3. As we remarked there, the coefficients of these expansions come from the evaluation of group integrals like (3.6) and these are independent of N as soon as it is larger than some number depending on the degree κ in (3.7). As the temperature is increased so that x → 1, more terms in the small x expansion are needed to accurately describe Z. However, at higher orders in x, the typical κ appearing in the computation increases and one needs to go to larger (but finite) values of N to match the N = ∞ limit. This indicates that there is a tension between increasing the temperature and taking the large N limit.
The standard way to systematically describe what happens as the temperature is increased is to consider the distribution of eigenvalues of the group element U in (2.7) that dominates the partition function at certain temperature. At large N, the eigenvalue distribution may be approximated by a continuous density ρ(α) with α ∈ (−π, π) obeying
In general, there may be transition points when one passes from a phase where ρ > 0 is non-zero everywhere on (−π, π) to a phase where ρ > 0 only on an interval (−α 0 , −α 0 ) ⊂ (−π, π) (see, e.g., [61] ). This is what happens in the vector and adjoint cases [10, 15] . On general grounds, a transition may be expected when in (2.7) there is balance between the temperature-independent measure term ∼ N 2 and the character-dependent term in the exponent. As we will see below, this leads to a simple condition 
In the adjoint case, (4.2) gives T c which is independent of N,
In the 3-plet case, we are then to expect T c to vanish as N → ∞ in a way depending on a detailed small x behaviour of z Φ (x). For example, for a scalar field theory in d dimensions we find from (2.3)
The scalar contribution is dominant in the x → 0 limit also when one considers a collection of fields in (2.3),(2.4) like the (2,0) tensor multiplet in 6d, where thus T
log N . Note also that, as follows from (4.2), in the p > 3 -plet case we will also get T p−plet c ∼ 1 log N . The physical reason why T c → 0 at large N in the case of the 3-plet representation is that the number of states (operators) grows too quickly with increasing energy (dimension). 21 Details of this picture will be worked out in the remainder of this section. In particular, in the 3-plet case we will confirm that the phase structure depends on the value of N z Φ (x) as implied by (4.2) .
At large N, we shall find a first order discontinuous transition between a phase (where N z Φ is smaller than a critical value (N z Φ ) c ) with ρ > 0 everywhere on (−π, π) and a phase (where N z Φ > (N z Φ ) c ) with ρ > 0 only for |α| ≤ α 0 with α 0 ∼ (N z Φ ) −1/2 . We shall find that the transition point corresponds to (N z Φ ) c = 9 16 . At any temperature, for a sufficiently large N the system will be in the second phase. This means that at large N the critical temperature is approaching zero.
Large N limit in terms of eigenvalue density
The integration over U in (2.7) may be represented in terms of the eigenvalues of the unitary matrix {e i α i } with −π
Using the explicit form of the characters in (2.9), we get
where
cos(α i − α j ) , (4.10)
The extremum condition for S(α, x) in (4.8) is, e.g., in the 3-plet case
Let us follow [15, 10, 12] and replace the integration over α by the integration over the eigenvalue density ρ(α) which is a periodic function on the unit circle α ∈ (−π, π) 22
It satisfies the conditions (4.1) by construction. Then the action in (4.8) becomes
with the measure term 16) and the potential term
The integral expression for Z in (4.7) can then be written as a path integral over the field ρ(α) subject to the constraints (4.1) with the action (4.14).
As the constant part of ρ(α) drops out of (4.15)-(4.19), the ρ(α) = 1 2π is always a stationary point of the action (4.14). Let us first briefly review the vector and adjoint cases where a perturbative expansion around this constant density is sensible and then turn to the 3-plet case where this is not the case. 22 Here the Dirac delta function is the periodic one: δ(α) → ∑ k∈Z δ(α + 2πk).
Vector and adjoint cases
One may expand ρ(α) in Fourier modes as
This expansion is meaningful if the {ρ ± m } variables turn out to have a some stationary point with bounded fluctuations. Then, at large N, the positivity constraint on ρ in (4.1) will not be violated. Written in terms of the variables {ρ m } the measure term (4.15) becomes
while the potentials in (4.17) and (4.18) take the form
In the vector case, the resulting action (4.14) is stationary at
and, as a result, we find the same expression for Z as given earlier in (3.3)
The same expression is found by doing the Gaussian integral over ρ ± m in (4.7). In the adjoint case the total action is
Integrating over ρ ± m in (4.7) with the normalization Z(x = 0) = 1, we then obtain 26) which is the same as (3.5) quoted earlier.
A similar derivation of Z applies in the case when the adjoint representation is replaced by 2-plet one N ⊗ N or its (anti) symmetric version (see Appendix A).
As discussed in section 4.1, if the temperature (and thus x and z Φ (x)) are small enough, the expressions in (4.24) and (4.26) converge and the expansion (4.20) is well behaved and describes a strictly positive density. Increasing the temperature we reach a transition point where ρ starts to be zero only on a subset (−α 0 , α 0 ) ⊂ (−π, π). In the vector case, this transition happens at T c ∼ N determined by the condition z Φ (x) = 1 when the fluctuations of modes in (4.25) are no longer suppressed. Thus in this case we get the critical temperature T c ∼ 1 in (4.4) which is independent of N. Details of the form of ρ(α) in the two phases for the vector and adjoint models may be found in [10, 15, 19] .
In the low temperature phase where the expansion (4.20) is valid, the value of the action (4.14) (i.e. the measure term (4.21) plus potential in (4.22)) and thus the resulting large N partition function (4.24) or (4.26) does not depend on N, i.e. log Z = O(N 0 ).
The stationary point of the action (4.14) is given by the analog of eq. (4.8) written in terms of ρ(α) (cf. (4.28) below). Assuming it admits a non-trivial solution for ρ(α) (due to a balance between the measure and potential contributions to the stationary point equation) then in the higher temperature T > T c phase the resulting value of the action (4.14) at the stationary point will scale as the measure term, i.e. as N 2 . Thus the stationarypoint approximation will be valid in the large N limit with log Z = O(N 2 ) in the hightemperature phase (see (C.6),(C.11)).
In the 3-plet case discussed below the low temperature phase will be shrinking with increasing N (with T c → 0) while the action and log Z will be scaling again as N 2 at the non-trivial stationary-point solution of (4.28).
3-plet case
In the 3-plet case, using (4.20) in the potential term (4.19) we get
The resulting action given by the sum of (4.21) and (4.27) is unbounded from below (in particular, the analog of (4.7) giving Z as an integral over ρ ± m does not converge). Thus in the 3-plet case the constant density ρ = 1 2π is really a saddle and not a minimum even at low temperatures; the Fourier coefficients ρ ± m in (4.20) tend to be large and this violates the fundamental positivity condition on ρ(α) in (4.1).
A phase transition from the trivial homogeneous phase ρ = 1 2π should happen when the cubic in ρ term in the action (4.14),(4.19) becomes of order of the quadratic measure one in (4.15). In the vector case the transition point is when we balance a measure term (4.15) ∼ N 2 against the potential term (4.17) ∼ Nz Φ (x). In the adjoint case, both terms (4.15) and (4.18) are of the same order ∼ N 2 . In the 3-plet case the potential term (4.19) scales as N 3 z Φ (x) and we are led to the condition in (4.2) (in a sense, the vector and the 3-plet cases are opposite to each other with the adjoint case being in between).
Below we will explore the 3-plet case in more detail, by first studying numerically the eigenvalue distribution and then presenting some analytical expressions.
Numerical analysis
As a preliminary step, we can try to determine numerically the solution to the extremum condition (4.12). We shall sum over m in (4.12) with 1 ≤ m ≤ M to investigate the effect of higher harmonics. We shall consider the case of 4d scalar with z Φ (x) = (1−x) 3 (see (2.3)). Solving numerically (4.12) with N = 40, M = 4 we find the following behaviour: 
As the temperature is reduced, there is a transition point where the distribution becomes essentially uniform over the whole interval (−π, π).
This is illustrated in Fig. 1 where we show in the left graph the exact eigenvalues at β = 3, 4.5, 5 that are well below, just below and above the transition. The right graph shows max |α n | as a function of β to emphasize the rapid jump from a value π 2 to π at a critical temperature. In Appendix C.1 we will consider explicitly the small N = 2 case where these features are already visible.
Exact solution for the eigenvalue density at large N
The features observed in the numerical analysis may be explained analytically as follows. Let us return to the stationary point condition in eq. (4.12) expressing it in terms of ρ(α):
Let us assume that ρ is symmetric and supported on (−α 0 , α 0 ) and thus write (4.28) as
where [15] and thus its solution may be written as (4.32) where P is the Legendre polynomial. To simplify the presentation, let us first consider a model with just one harmonic ρ 1 present in the r.h.s. of (4.29) which should be a good approximation for large β when x = e −β 1 and thus the value of a m in ( (4.33)
We still need to impose the self-consistency equations
We then find
Thus u solves a cubic equation. For large a 1 we get a consistent solution
As a 1 decreases, we find a solution with u ∈ (0, 1) only up to the point
This limiting value corresponds to the maximal width of the interval being
To summarize, including just one harmonic in the sum in (4.29), for each temperature and
we get the eigenvalue distribution there are two solutions u 1 , u 2 with 0 < u 1 < u 2 < 1. Here u 1 is a minimum of the action, while u 2 is a local maximum, see Appendix C.2. A numerical test of (4.42) is shown in Fig. 2 where we compare its prediction with the edge of the exact As we will show in Appendix C.3, deep into the high temperature phase, the 1-harmonic result (4.37) is replaced by
Similar results are found in the case when the general 3-plet representation is replaced by the symmetric or antisymmetric one: as we will show in Appendix C.4, the large N behaviour is the same in all of these cases.
Concluding remarks
In this paper we discussed singlet partition function Z of conformal theories defined by free fields in higher representations of an internal symmetry group. We observed that starting with rank 3 tensor case the number of singlet states grows so fast with the energy that the small temperature expansion of Z has zero radius of convergence in the N = ∞ limit. This is reflected in the vanishing of the critical temperature T c at N = ∞. One open question is about possible implications for the AdS dual of the free p-plet or p-tensor CFT. The rich spectrum of singlet operators implies the presence of infinite sequences of massive fields in AdS (suggestive of a "tensionless membrane" spectrum in the p = 3 case). It would be interesting to shed further light on this by studying simplest correlation functions of operators like φ ijk φ ijk (dual to a scalar in AdS) by generalizing the discussion of the vector and adjoint cases in [19] .
For the fields in the vector and adjoint representations the large N free energy or 1-loop log Z of all higher spin fields in thermal AdS scales as O(N 0 ) and matches the corresponding boundary CFT free energy in the low-temperature phase in (3.3), (3.5) . In the high temperature phase the boundary CFT free energy is O(N 2 ); that formally agrees with an AdS black-hole scaling in the adjoint case [62, 63] . In the vectorial case where T c grows with N and thus the high temperature phase is not obviously attainable, a possibility of similar matching remains an open question [10] (the classical AdS action here scales as N and thus a classical thermal object would contribute O(N) to the free energy).
In the 3-plet case the 1-loop partition function in thermal AdS computed for the full spectrum of fields dual to singlet conformal operators in the large N limit should also be expected to be given by an asymptotic series matching the low temperature phase expression for log Z(x) = O(N 0 ) in (3.32). The high temperature phase result log Z(x) = O(N 2 ) here appears to be subleading to any potential contribution coming from a classical AdS action as that should scale as O(N 3 ) (the coefficient in front of the AdS action should be N 3 to match the correlation functions in the free 3-plet CFT [30] ).
Another important question is how these conclusions may change in an interacting CFT, e.g., whether T c may become finite at a non-trivial large N fixed point. This is of particular interest in the case of the (2, 0) tensor multiplet theory in 6d that should have an AdS 7 dual with a supergravity limit in the N → ∞ limit admitting black holes and thus predicting N 3 scaling of the free energy [22, 26] . 
In terms of the Fourier coefficients ρ ± m in (4.20) we get
As in the adjoint case (4.25),(4.26), integrating over ρ ± m we get for the N = ∞ partition function 
we get instead of (A.1)
Adding this to (4.21) and performing again the Gaussian integration over ρ ± gives (cf. (4.26),(A.3)) log Z
2-plet
In the antisymmetric 2-plet representation case there is a relative minus sign in (A.4) and thus in the last term in (A.5) but the final result for Z is again the same as (A.6).
B Finite N low temperature expansion of 3-plet partition function
Here we will supplement the large N analysis in section 3 with a discussion of the finite N case. At finite N, the low temperature expansion of the partition function may still be done by direct expanding (2.7). However, simple expressions like (3.8) or factorization leading to (3.24) are no longer valid. Instead, the group integrals (3.6) must be computed on a case by case basis.
In particular, for a 4d scalar in 3-plet representation, one can compute the following first five terms in the small X expansion of Z The expansions in (B.1) may be derived using the character expansion method that is quite convenient at relatively small N (see, e.g., [57] ). Irreducible representations of U(N) may be labeled by N integers n = (n 1 , n 2 , . . . , n N ) with n 1 ≥ n 2 ≥ · · · ≥ n N ≥ 0. Denoting by t 1 , . . . , t N the eigenvalues of the group element U in the fundamental representation, we obtain the character χ n from the Weyl formula (i, j are row and column indices)
This is a polynomial in the eigenvalues t i with total degree equal to ∑ i n i . Any polynomial built out of powers of traces tr(U k ) may be expanded as a finite sum of such characters. Then the group integrals in (3.6) are easily evaluated by exploiting the orthonormality of the characters dU χ n (U) χ n (U) = δ n,n . The dependence on N of the final result is a consequence of the fact that the fine details of the character decomposition also depend on N. To give a simple nontrivial example, let us consider the integral
The character expansion of (trU 
C Details of analysis of large N partition function for 3-plet representation
C.1 U(2) case
To compare the large N and the finite N cases, it is useful to consider the lowest non-trivial value of N = 2. Then the action (4.8) in 3-plet case with just one harmonic included is a function of the single eigenvalue angle α = α 1 = −α 2 and inverse temperature β
The left part of Fig. 3 is the plot of this function for four values of β. For β < β c the value of S at the global minimum is negative. This global minimum on the left and the local minimum at π/2 on the right become degenerate at β c . For β > β c the global minimum is on the right at α = π/2. The transition temperature can be found analytically to be β c = 2.454. The associated eigenvalue is α c = 0.752. This means that there is a first order (discontinuous) transition. Increasing β, the eigenvalue α goes from 0 to α c and then jumps to α = π/2. Increasing the number of harmonics included in (4.8) does not change this picture qualitatively. This is illustrated in the right plot in Fig. 3 where we assumed that there are 10 harmonics in (4.8) .
What changes at higher N is that the right minimum shifts further to the right, tending to α = π for N → ∞. 
The left plot is for one and the right plot is for ten harmonics included in (4.8).
C.2 One-harmonic solution: value of the action for the eigenvalue density
To determine the leading term in the free energy log Z at the large N saddle point one is to compute the value of the action (4.14) on the solution of (4.28).
Below we shall compute the sum of the two terms in the action (4.14)
on the solution (4.33) found in one-harmonic approximation, i.e.
Using the identity
we find for the measure term
where ρ m was defined in (4.30), i.e.
Introducing t = sin we obtain from (C.8) 23
The potential term is given simply by
where we used (4.35),(4.36).
In Fig. 4 we plot S M and V evaluated as functions of u at a 1 = 3 N z Φ (e −β ) = 4, i.e. at the value which is above the bound in (4.38). As expected, there is a minimum of the total action S = S M + V located at the value predicted by the cubic equation for u in (4.36).
C.3 Including higher harmonics
It is easy to generalize the discussion in section 4.4.2 to the case of higher harmonics included in (4.29) . Some analytical information may be obtained at least for small β where the maximal value of eigenvalues α 0 is small. We need to solve eq. (4.28), i.e.
dθ ρ(θ) = 1 (C.14) 23 The first cases are ρ 0 = 1, and expanding (C.13) in small α 0 , we obtain at the leading order
For a constant parameter γ, the Hilbert problem
has the unique solution
The normalization in (C.14) fixes γ = 2. Comparing with (C.15), we thus determine
For one-harmonic case, this gives
agreement with (4.37).
C.4 Eigenvalue density for (anti) symmetric 3-plet representation
We can repeat the analysis of section 4 for the (anti) symmetric 3-plet representation, see (2.11) . Here the action is (4.8) with
The stationary-point equation for the eigenvalues α i is
Written in terms of the density of eigenvalues (4.13), this becomes
Comparing to (4.28) found in the general 3-plet case we observe that the additional terms appearing in the (anti) symmetric case are suppressed at large N by powers of 1/N. In more detail, in the simple one-harmonic case, we can write (C.21) in the form of (4.29),(4.30)
and then the solution for the density is similar to (4.31), (4.32) . Assuming that for N → ∞ with N z Φ fixed we have ρ 1 , ρ 2 finite, it is clear that the effects of (anti) symmetrization are subleading.
To check these assumptions, let us consider explicitly the symmetric representation case, i.e. the plus sign in (C.21),(C.23). Introducing u = sin 2 α 0 2 , the three self-consistency conditions obtained by plugging ρ into the definition of ρ 1 and ρ 2 and also imposing dα ρ(α) = 1 are
One may study the properties of the solution (u, ρ 1 , ρ 2 ) of the algebraic system (C.24) for fixed z Φ and increasing N. A numerical analysis shows that for any z Φ we find exactly one acceptable solution as soon as N is sufficiently large. This solution may be expanded in powers of 1/N and reads
Thus the large N behaviour at fixed Nz Φ is similar to the asymmetric 3-plet case, with representations R are
Expanding (2.7) in powers of the matrix M, we are led to the problem of computing the O(N) group integrals parametrized by the integers a = {a }
As in the U(N) case in (3.6), if N is sufficiently large, I(a) does not depend on N and factorizes. The precise condition is N ≥ 2 κ(a) where κ(a) was defined in (3.7). In this case one can represent the integral in the form
where ξ are independent normal variables with Gaussian distribution [59] . As a result,
Using this result, we may determine the low temperature expansion of the partition function for a 4d scalar field transforming in various representations like in (D.1). counts the operators which are single traces of products of scalars fields which are antisymmetric O(N) matrices. Here we have the identity
where Φ n is the scalar ϕ ij = −ϕ ji or any derivative of it. It seems non-trivial to apply Polya counting in the case of an additional constraint (D.9), and we did not find a simple closed formula for Z s. and it adds an extra symmetry to the standard cyclic invariance of the trace. Then the total and single-trace partition functions are found to be Z One can find a closed form of (D.13) using the Polya enumeration theorem and taking into account that the symmetry group is the cyclic group with an additional inversion (D.11).
A careful examination of the cycle structure of the associated permutations gives
(D.14)
where ϕ(m) is the same as in (3.4) and the additional 1/2 factors are due to the fact that the symmetry group for a trace with m objects is 2m (from m shifts and m reflected shifts). 25 Using (D.14), we have computed the series expansion (D.13) up to the very high order O(x 100 ) and a numerical analysis revealed that the series is convergent for x < x c with z Φ (x c ) = 1 (for the 4d scalar this critical value is x c 0.285). The same behaviour was found in the U(N) case so the conclusion is that the additional terms in the second line of (D.14) do not worsen the convergence.
In the 3-plet case representation case we obtain (cf. (3.10)) Z To reproduce the x 2 term here by counting dimension 2 operators we need to classify various bilinear contractions: (i) there are 1 2 (3 × 4) = 6 contractions containing traces ϕ iij ϕ iij , ϕ iij ϕ iji , . . . , where we need to account that position of the index contracted between the two fields matters and that there is a symmetry between the two fields in the 25 The presence of extra terms in the second line of (D.14) is due to the fact that a reflected shift by places of a string of m objects splits into: (i) real scalar case; (ii) there are also 3! irreducible contractions ϕ ijk ϕ ijk , ϕ ijk ϕ ikj , . . . , but one needs to take into account the symmetry relation ϕ ijk ϕ jki ≡ ϕ ijk ϕ kij , so we are left with 6 − 1 = 5 independent choices. The total 6 + 5 = 11 matches the coefficient of the x 2 term in (D.15),(D.16).
There are fewer operators in the case of totally symmetric or antisymmetric 3-plet representations, i.e. the coefficients in the small x expansion of Z should be much smaller. Indeed, we find directly from (2.11) (cf. (3.19),(3.20) As a final remark, we note that using the discussion in [12] providing the suitable modification of the measure term in (4.6) for the O(N) case, it is possible also to study the large N thermodynamics and the structure of phase transitions in this case, but there should be no qualitative changes compared to U(N) case analyzed in section 4.
E General expression for single-trace partition function
Given the N = ∞ partition function Z(x) one can invert the relation (3.1) and find the single-trace partition function Z s.t. (x) that counts only irreducible ("single-trace") contractions among all singlet operators. This was already discussed in [56] and here we present an equivalent but slightly more explicit version of this inverse relation. The p = 1 is of course the standard vector or 1-plet case when G 1 (y) = F 1 (y) = e y as in (3.27) , (3.28) . In the 2-tensor case we get G 2 (y) = 1/(1 − y) (cf. (3.27) ) and thus
This is similar to the adjoint U(N) case (3.5) (with z Φ → z 2 Φ ) 27 and also to the 2-plet case (3.29),(A.3).
As in the p-plet case in (3.26) , the p = 3 is the critical value: since g k+1 /g k = (k + 1) p−2 the series G p (y) in (F.3) does not converge for p ≥ 3. The function where the multiplicity 3 in last row corresponds to the position of the index contracted between ϕ and ϕ. As in the 3-plet case discussed in section 4, the zero radius of convergence of the low temperature series for the [U(N)] 3 singlet partition function Z 3-tensor at N = ∞ should be related to the vanishing of the corresponding critical temperature in the limit N → ∞. This can be seen explicitly by repeating the analysis in section 4 in the 3-tensor case. Here we will have 3 sets of eigenvalues α ir (r = 1, 2, 3) and thus 3 densities ρ r (α) with the analog of the action (4.14),(4.15),(4.19) being S(ρ r , x) = N 
